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There are fourteen known exact particular solutions of the problem in question. They are
all listed in [1], where it is noted that the equations of motion of a body are much simpler
when one of the special coordinate axes coincides with the principal axis and when the
gyrostatic moment is orthogonal to this axis. In this case the problem reduces to a system
of four relatively simple differential equations in five variables related by an algebraic
expression. This system admits of two exact solutions representable as segments of trigo-
nometric series in some variable 7 related to time by a differential expression.

1. Under the conditions A=) ;= A ,= 0, b, = 0 Egs. (L.1)-(1.4) of [1] are
= —zlle, —ay+bzl, y=slla—a)eTbyl—m
Y = ays — (@y + b2) v, W = (a2 by)y. — awzy

az? + aP -+ a2 + 2bzy — 2y = 2E, zy +—yy1 e =k (1.1)
Following [ 3], we introduce the variable T,
dv = ay2dt

Setting U(T) =y 2/82% h=2E/a, and referring the quantities a, a_, b, k, ¥y, y., ¥
. ? oy . & 1
to a,, we arrive at a system of equations describing the motion of a body in the case under
consideration,

dz/dt= —(ay — )y — bz, dy/di=(a—1r-+by— U
dy/dt =y, —(ay + b2)U, dy,/dr= —y + (az + by)U (1.2)
wt+tyy F B+ 2y —ar®—aq —2bry) U=k (1.3)

We obtained the latter equation by eliminating z 2 from integrals (1.1). The variables z
and y, are given by Formulas

2=h+ 2y — ax? — ayy® — 2 bzy, vy, = U (1.4)
The following integral is obtained:
Y24 yi + v =T (T = mgr./ a) (1.5)

Herer, is the distance from the fixed point to the center of mass of the body; mg is the
weight of the body. Instead of (1.3) we shall henceforth make use of the equivalent (by
virtue of (1.2)) relation

ydy/dv —zdy, /di+ Qy+n) U=k (1.6)

2. Noting that system (1,2) is linearinx, y, y, Y, for a given U = U (T), we stipulate
that the function U is of the form
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2
_— inve
U= 2| Une 2.1
Ny
Egs. (1.2) now define %, ¥, y, ¥, as functions of 7,
3 2 4 4
g D) 2™ oy N yae™, = D 1™, m= D) n ™ (22)
—Y Nam—g

Here %,,, ¥n» Yn1 Vn are known functions of 6, a,, U,,, v. Denoting by 1 and ¢ the

expressions

Nz nu=-——9

=fa—1){e—1)—B,c=0—a(g —1) (2.3
we cap write out the corresponding formulas
_ 1—a b - ivn
“’n%m{]m ynmmUn (n=0, +1, +2 (2.4)
; 2 ivb {n — 8} =+ {¢ -+ a;v?ns) -
= TEAT F o B Ung Yon=Tn (2.5)
SreNem
2
. 1 b (vins — 1) — iv (en + ays) R
Tn == g — 1 IR LT Us Upmgt Ton = T, (#=0,1,2,3 4)
Rios ¢ ]

In particular,

_2ivb—(e8avY) [y L B(8W—1)—2iv{a +20) s
M hav—p 0 T A=
— 1 (ivh e (oL Beyv®) | 2ivh— (¢ 4 3a;v7) .
e { Wop T w—g } “its @0
o4 b(6vE— 1) — iv(2ay -+-¢) | b(3v?— 1}—iv(a;-}-3¢)
L I. 4V —p + Vvi—p } Ulls

Substituting (2.1) and (2,2} inte (1.6}, we require that the resuiting eqnaﬁon of the form

[}
E Rneluv‘:: k
Amsf

Ym' s Uys By vy be an identity in 7. Since R,, = R

where the R, depend on x nt

it is enough to setk = Ro' nyi"oy(?'u'= 1,s4s, 6)s The condition I\’.5 = 0 is of the form
Zivy,y, —2ivy,%,+ ¥,U; = 0. Expanding it in accordance with Formulas (2.4) and
(2.6}, we find that
=0, Vi=a(a—1)(a —1)/4 (22— a) @7
But for & = 0 the equation RS = 0, i.e.
& ivyan -k 3 ivygys — & ivpey — 3 ivye'm, + 2 Uy 4 2yl = 0,
is (by virtue of (2.4) and (2,6)) equivalent to
4v® (346aa;, — 180ay*— 346a + 173ay) + v¢ (@, — 1) (—710a%, + 216aey* + 710a® +
+ 501aa, — 216a,® — 821a + 268a;) + v* (g, — 1) (a — 1) (82a%¢; — 8242 — 820a; +
+ 136a — 17a;) — Ba (g, — 1)* (@ — 1) = 0
Or substituting v? from (2.7) into this expression we obtain
a;® {16a® — 162 -+ 4} + ay*a (—50a* - 33a — 4) +
+ aya® (34a* + 17a — 16) + a8 (—34a -+ 16) = 0
The latter equation has the three roots all), ai(”, 51(3). The values RI“’-- ¢ and
a (2 = 2a/(2a - 1) yield a singularity in the denominators of Expressions (2.4) and {2.5)
4vi_p=0fora, =all) and 16¥? — 1= 0 fora, = a,(?; solutions of the above class do
pot exist in this case.
Fora, = axf” we ohtain
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@) _.6{17a —8) s (1 —a)(17a*— 162 + 4)
a = ey — #
BT Vo7 Ia 28
Since ¥ 2> 0 and since, moreover, the triangle inegualities for the moments of inertia, i.e.
K 1 1 1 { 1
T B —_— 1 —_— Attt
a1+a>1' a+>01’ 41+/“
must be fulfilled, we find that a assumes values from the ranges
7 . —

3. Before investigating the remaining equations R, = 0 (n = 1,..., 4), it will be conven~
ient to isolate the quantities I/ in the expressions forx,, y,, ¥,: ¥, + We introduce X,
YmiIm+ I, in such a way that 1)

. R N .
tn=XaUns In=i¥pUn, =T, pylUUpyp 1,/ =ivNT,  UU,,
s

Comparing these equations with (2.4) and (2.5), we find that 3.2)
Xp= X.,:.#'_;a_; , Di=Xo= :2:';1 . Xo= a;;—i
Ygzmy-a:RTz:E, Yi=—Yo= 7,-_‘?;. Yo=0

Pa=Tos=— s f}fﬁ:: m—y
Ppe=Tg-1=— wi_ . (cg; (iflr +° j; E.::::,s)
Fos=Tao= gy (4~ ﬁﬁf ) Ta=Taas g iﬁ)i?: = )
Pt (G )
Top =Tgo—=_1 (.E... _ ctav )
2¢ 2¢ v’—’—i B . vi—p 2 (a1 + 2¢)
e N - T ey
st (R 3
R e
= (S )
ro,1'=-~l‘_1',o=v,—1_;(-;—— ::f;), F, =T ,=Ty=0

All of the quantities just introduced depend only on ¢ by way of Formulas (2.3) and
(2.8). The remaining equations R, = 0 (n = 1,..., 4) can be written as
0 UsUs + ayUs2 = 0, ByUU_y + ByUsUhUg + BsUs2 =0
8 U U_g + 8 Uy Uy Uy + 83UsUo* + 8,Ur*Ue + RU, =0
e U UgU_y + eUs U U_y + 802Uy + 8 Uy Us® + 8Uy = 0

3.3)

Here
@y = 291 (—T4sY, + 2T, ;Xo + T 3 Xy) + 2 (Taig + Toyo)

e = ¥* (301, ¥y — 2 Maa¥y + 3T X, + 2T, Xy) + 2 (T, + Iy
B, = v (—4laaY_y — Iy ,.Y; + 41";!21(_, + T, X9 + 2 (Tys + Tav)
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Bo= V3 (—2ToyYy — Loq Yo+ 3T, Xo + 28 Xat Ty Xa) + 2 (Ts + o + Tot)
Bo= 29 (=T1a ¥y + I X)) + 20y,
8 = 4v¥ (—Tp,3 Y~y + F;vgx“i) + 2 (Ty,g + Teyy) (3.4)
Oy = 3 (=30, Y., — T_yg ¥y'+ 810Xy + T2, X0) + 2 (Fyy + Fope 4 Top)
83 = 2V , X, + 2 (gq + Loy, by = V& (=T Y1+ 2T} | Xo + T X;) +

+ 2 (Tra+ To)
€= V3 (=200, Yy + I-p¥y + 2T, X + T2, X — T2, oXa) +2 (Tog+ Ty g+ Ty 0)
6. = V! (—3TpY oy + Doy y ¥y + 3T, ,Xog—1" 00 Xg) + 2 (T + Togg + iyyy)
g, = 2v3 (T, Y, i l';,x X))+ 2(Tha + Toyy)y 8= V0, X¢ +2 (T'oq -+ Tgo0)

4. The first three equations of (3.3) define the squares of the absolute values of U,y

UsUs=|U2=|U 2z(a282"" IBS)"’UQ
2= U= =|Us] g U

Usly=|ULP=|U = “l‘??_@';a._%__“‘lﬁ*” Uot (4.1)
1

. tp%Bo2h
Upt= 2
agfh® (110¢ — tebs) — 1B182 (@aPs — %1Ba) — b1 (XaBe — aBs)?
The quantities U, are generally complex,
Uy, = | Uplexpig,, U_,=1U, (n=1,2)
and, as is evident from the first equation of (3,3), their arguments ¢4, are related by Ex-
pressions
Qp=1n -+ arg &, — arg @; + 2 ¢, §_p = L — argas - arg oy — 2¢,

Making use of the fact that system (1.2) is self-contained, we incorporate the constant

¢, into v 7, which enables us to regard the U, as real functions of a. Hence,
2
U= Z o| Upnlexp i (nvt + @) = Up + 2U1 cos vt - 2Us cos 2vt
N=—2

and we can assume that Uy>0,0, >o0.

Thus, the solution of Eqs. (1.2), (1.6) is of the form (cf. (2.2), (3.1))

2 2 2
U=YVh 2 (Unycosnvr, z= V@ 2 (rg)cosnvr, y= V& Z‘ (%) sin nve

n=l n=0 n=i
4 4
Y= 3 ..\.J (‘rn)cgsn VT, Y= h 2 {'}'n’) sin avr
Ho={} FE
2, 2, 2
i Py —= Y } T —— ==—1, —2
{Un) ‘/” ’ () V—"' ’ (ra) ; V"l (n 1, )
2y 2n’ )
() ==r, ()=  (n=—1,—2 —3 —4)

(& ’ 0
(Lro) = _]7‘0;: » (TO) = '—%‘— ' (YO) = -T—L—

The variables 3 and y,? can be determined from relations (1.4),

4 8
22 h 2 (zq) €08 VY, Ta? == A2 2 {1n") cos nvt
n=0 n=g

From the condition of realness of 2 we infer that v 7varies in the range

Y+ 22magviY¥, +2mn (m=0, 11, £2,..)
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Integral (1.5) yields %242 =172 j.e. the relationship between 4 and I".
The dependence on t can be determined from the relation d 7 = a, zdt,

1,

T 4 /s
. 1
t =azl=——_S [Z (z,.)cosnvc] ds
Vi Lo

To complete construction of the solution, let us write out the condition which ¢ must
satisfy, Substituting (4.1) into the last equation of (3.3), we obtain
(s — &) (adly — o, Bs)* + By (€5 — a8y + 018y) (2o — 4Bs) +
+ aofr® (@2, + 00 — a0 = 0
which has the three roots a(1), a (2} a(3) in ranges (2.9). The value a(3) = 0,4 must be re~
jected, since it yields "= 0. We have thus obtained two particular solutions of equations
(1.2), (1.3). These solutions are exact, since the expressions for (x,), (v,), (¥,), (yn'),
(z,) (y,,”) which depend on ') and a(? are known (cf. (2.3), (2.8), (3.2), (3.4), (4.1),
(3.1).
5. Let us write out these solutions, taking as our a{1) and a(?) their approximate values
obtained numerically.
The first solutiomn: al=0.41190, v = 0.32385
U= V& (2.3910 -+ 1.5836 cos vt — 0.7942 cos 2 v1)
z= — Vh (4.0656 + 4.7056 cos vt -~ 1.8994 cos 2v1)
y = Vh (3.6551 sin vt 4 2.9508 sin 2 v1)
22 = —h (2.8001 + 4.6960 cos vv + 2.7124 cos 2 vt
4 0.9920 cos 3vt + 0.1731 cos 4 v1) 10
Y = —h (0.5228 +- 1.0645 cos vt - 1.0048 cos 2 vt 4 0.6263 cos 3 vt -} 0.1763 cos4vt)10
vi = h (1.0742 sin vt -- 1.2310 sin 2vv + 0.6601 sin 3 vt 4 0.1601 sin 4 v7)10
V22 = A% (—3.1183 — 5.1569 cos v — 2.7854 cos 2vt — 0.7584 cos 3 vt +- 0.1127 cosévr—
+ 0.1680 cos 5vt - 0.0416 cos 6 vr — 0.0048 cos 7 vi — 0.0027 cos 8vt)10?
026092 B2 = T2, 2.7431 + 2mn vt < 3.5401 + 2ma (m =0, +1, +2,..)
T he second solution:alP=0,70819,v=0.35086
U = Vh (2.5242 + 0.9663 cos vt -+ 0.4598 cos 2 v1)107!
x = — VR (8.6501 + 2.0852 cos vt -+ 0.4701 cos 2 v1)10™?
y = —Vh (1.0197 sin vt + 0.4597 sin 2v1)10°1
3?2 = h (1.1811—4.6670 cos vt — 1.5776 cos 2vt — 0.5912 cos 3vt — 0.0264 cos 4 vt)107?
y = —h (1.6253 + 0.9811 cos vt 4 0.4685 cos 2vt + 0.3012 cos 3vt + 0.0184 cos 4vt) 10?2
va = h (—0.9572 sinvt -+ 0.4482 sin 2vt + 2.3858 sin 3vt 4 0.0764 sin 4v1)10°2
Ao = h? (0.6549 + 3.8038 cos vt - 2.2812 cos 2vt + 1.4602 cos 3vt 4 0.4868 cos 4vt -
+ 0.1492 cos Svt - 0.0252 cos 6vt 4 0.0037 cos 7Tvt - 0.0001 cos 8vt)10-2
1.026574h% = T2, 1.0099 4 2mn < vt <<5.2733 4+ 2mn (m =0, +1, +2,...)

The authors are grateful to P.V. Kharlamov for formulating the problem and for his inte-
rest in the present paper.
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