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There are fourteen known exact particular solutions of the problem in question. They are 

all listed in [I], where it is noted that the equations of motion of a body are much simpler 
when one of the special coordinate axes coincides with the principal axis and when the 

gyrostatic moment is orthogonal to this axis. In this case the problem reduces to a system 

of four relatively simple differential equations in five variables related by an algebraic 

expression. This system admits of two exact solutions representable as segments of trigo- 

nometric series in some variable 7 related to time by a differential expression. 

1. Under the conditions X = A r= h,= 0, b, = 0 Eqs. (1.1)~(1.4) of [I] are 

2. = -z [(a* - $)Y + hzl, y’ = s [(a - a,\ x + by] - yz 

y’ = a2zy1 - (ory + hx) ~2. yr’ = (ax -t bY)y; - u,ry 

ai+a,ya+a,zZ+2bxy-2y=2E, zy + n1 + zys = k (1.1) 

Following [3], we introduce the variable T, 

d? = +zdt 

Setting V (7) = y 2/a2 z, h = 2 E /a2 and referring the quantities a, a , b, k, y, y1 , y 

to a 
%’ 

we arrive at a system of equatrons describing the motion of a bo d y in the case un ‘a er 

consrderation, 

dx / dz = -(a1 - l)y - bx, dy / dt = (a - l)r -I- by - U 

dy / dr = y1 -_(a,y -I- W U, dy,/dt= -y+ (ax+ by)U (1.2) 

xy $ yyI + (h + 2y - ax2 - aIyz - 2 bxy) U = k (1.3) 

We obtained the latter equation by eliminating z 2 from integrals (1.1). The variables z 

and yz are given by Formulas 

za = Is + 2y - axr - a,y”-2bxy, yz= zG (1 .q 

The following integral is obtained: 

y* + y: + yr* = Ia (I = mgr, / a2) (1.5) 

Here r, is the distance from the fixed point to the center of mass of the body; mg is the 

weight of the body. Instead of (1.3) we shall henceforth make use of the equivalent (by 

virtue of (1.2)) relation 

ydy/dz-xdyl/d.r-i_(?ytn) u-k (1 .w 

2. Noting that system (1.2) is linear in z, y, y, yr for a given V = V (T), we stipulate 

that the function V is of the form 
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(2.1) 

(2.4) 
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a,(s) = = (17s - gt 
4(20-i) ’ 

+= (1 - a) ( i7na - 16~2 + 4) 

4a 

Since v 2> 0 and since, moreover, the triangle inequalities for the moments of 

must be fuIfilled, we find that o assumes values from the ranges 

(2.8) 

inertia, i.e. 

(2.9) 

3. Before investigating the remaining equations R, = 0 (n = I,..., 4), it will bs convem 

ient to isolats the quantities U, in the expressions for xnI j;, , yn, yn ‘. We introduce X,, 

ym* fi,m * lY i,m ia such a way that (3.9) 

2, = X&I,, y, = ivY,U,, m = z rr, n-sU.Un-rr ra’= iv 2 r,,*,~,U+, 
I f 

Comparing these equations with (2.4) and (2.5), we find that (3.2) 

1 -al x~==x_9=~, 
--w-p 

Y*=-Y+=&' Yl=--Y_l~ .L-, 
-P e-p 

Yo=O 

r.q,* = r-s, -2 = - 
c+fhvB 

(IW - 1) (4v* - p) 

r&s = f-8, -I= - 

(169 - 1) (4va - IL) 

r,,; = - r_; o = _ 

All of the quantities just introduced depend only on u by way of Formulas (2.3) and 
(2.8). The remaining equation8 R, = 0 (n = l,..., 4) can be written as 

C&&U@ + a&1= = 0, &UN-t -+” @VJ,~o -I- BtUP = 0 

q#&=u_, f s,u,u,u_, -I- S,U,Uo~ -I- ~,UI’UO -I- hUa = 0 (3.3) 

~U,~,U_, + e,U,U,U_, + s,U,“U_1-+ %U,Uo? + hUE = 0 
Here 

%= 2v* (-rotrYS + 2$,x0 + ri,pXI) + 2 (rslr + ro,*) 

a_ = V* (-3r1,, r, - 2 kY, + 3r& + 2 &X,) + 2 (rl.* + r,,d 
& = v* (--4Fa,*Y_* - hy, + 4r;,+, 4 rl,,,x,) + 2 (rrln + cd 
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Pa = 9 (-2 by, - b j; i- 3 rl;g, + 2r;,,xr+ r;,lx,~ + 2 (r1,8 + he + f,,,) 

B, = 2vP(41,1 y.1 -i- I‘&,) + zr,,, 

81 = 49 t-rl,ay-, i- r;,p-,I + 2 ukn + btla) (3.4) 

6, = ~2 (--3r,,, Y-, - r.+ Ye’+ 3r*,,,x1 + rl,,,w + 2 (br + bTt + kl) 

K 5 = 2+r;,,xo -i- 2 (ro.l ?- rO,dr 6, = V* (-ro,lyl+ 2r;,, x, + r&x,) -+ 

+ 2 (rltl+ rod 

e_ = 4 c-2ro,zy-ll i- I'-,.,Y, + 2r;%x_, + L.l,exo - r&x,) +2 (ro.a+r_l,e+r_X,o) 

t:, = ~2 (--3r,,,Y-, i- T_~.~Y, + 3r;:Ix,--I" _o,l ~3 i- 2 oi.l + r-r,r + r_o,l) 

e, = 2~’ (-rltty_, -, : 1“ ,,t s_,) t 2 (h + r-4, 8, = vgrO,lxo +2 (rkI -t- rd 

4. lb first &me equations of (3.3) define the squares of the absolute values of u,, 

Co= Z &%?h 

a2W Wr - MM - a$182 W& - ~4113~) - 61 (a& - ad33)2 

The quantities I!& are generally complex, 

fJ, = 1 &I exp is, u_, = En (n = 1, 2) 

and, as is evident from the first equation of (3.3), their arguments $h are related by Ex- 
pressions 

VP0 =n+arga,-aargu,+2% q-2 = 31. - awh + arg a, - 2% 

Making use of the fact that system (1.2) is self-contained, we incorporate the constant 
dt into ~7, which enables us to regard the U, as real functions of a. Hence, 

2 

U =L: 2 .I U, 1 exp i (nm + cp,) = UO + XJ1 Cm VT i- 2U2 COS 2Vt 

n=--“. 

and we can assume that II, > 0, II, > 0. 

Thus, the solution of Eqs. (1.2). (1.6) is of the form (cf. (2.2). (3.1)) 

u = vi; i (U,) cos nvr, x= v/( i (XJ co9 nm, y= v’i i 
(yn) sin tzyI: 

n=u u=0 ==I 
4 

-r == A r; (~n)COs’L vT, r,= h 
$ 

(rn’) sin nvr 

t,=lJ ,l==I 

The variables x2 and yS2 can be determined from relations (1.4), 

z==ir ; 

6 

(Zu) co9 nvr, Q = I&x 2 (m”) co9 nvr 

Jl==o n==o 
From the condition of realness of I we infer that vtvaries iu the range 

Y~+2mJl(vT<pc,+2mJ? (m = 0, f 1, *2, .*_) 
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Integral (1.5) yields x2h2 = r2 i.e. the relationship between h and r, 

The dependence on t can be determined from the relation d T = a2 rdt, 

t’=a+ [i (Zn)COSnvs 

II=0 1 +I 
To complete construction of the solution, let us write out the condition which a must 

satisfy.‘Substituting (4.1) into the last equation of (3.3), we obtain 

(es - 4) (%#z - %SJ)’ + & (%% - %e, + CllM (%Ba - %BS) + 
+ a&? (a2e, + a$, - a,&) = 0 

which has the three roots a(t), ac2i ac3) in ranges (2.9). The value a(3) = 0.4 must be re- 

jected, since it yields r = 0. We have thus obtained two particular solutions of equations 

(1.2), (1.3). These solutions are exact, since the expressions for (z,), (y,), (r,), (r,‘), 

(z,), (y,“) which depend on d’) and a(‘) are known (cf. (2.3), (2.8). (3.2), (3.4), (4.1). 

(3.1)). 

5. Let us write out these solutions, taking as our dt) and a(2) their approximate values 
obtained numerically. 

T h e f i r s t s o 1 u t i o n: dt) = 0.41190, v= 0.32385 

U = Jfr(2.3910 + 1.5836 co.9 VT - 0.7942 cos 2 vz) 

z = - vr(4.0656 + 4.7056 cos vt + 1.8994 cos ~VT) 

y = vK(3.6551 sin vt + 2.9508 sin 2 VT) 

sa = --h (2.8001 + 4.6960 cos vz + 2.7124 cos 2 VT, + 

+ 0.9920 cos 3vr + 0.1731 co9 4 VT) 10 

y = --h (0.5228 + 1.0615 cos vt + 1.0048 cos 2 VT + 0.6263 cos 3 VT--t_ 0.1763 co&z)lO 

yl = h (1.0742 sin VT $- 1.2310 sin 2-9~ -j- 0.6601 sin 3 VT f 0.1601 sin 4 VT)io 

y? = h3 (-3.1183 - 5.1569 cos vz - 2.7854 cos 2vz - 0.7584 cos 3 VT + 0.1127 COS4VT+ 

-I- 0.1680 cos 5VT + 0.0416 cos 6 VT --‘0.0048 cos 7 VT - 0.0027 cos 8vt)lOs 

.026092 h2 = l?, 2.7431 + 2mn < VT < 3.5401 + 2mn (m = 0, f 1, f 2, . ..) 

T hs second m o 1 u t i o n: at2)= 0.70819,v= 0.35086 

C7 = J&(2.5242 t_ 0.9663 cos VT + 0.4598 cos 2 vT)lO-’ 

I = - vr(8.6501 + 2.0852 cos VT + 0.4701 cos 2 vT)lO-’ 

y = -JK(1.0197 sin vT + 0.4597 sin 2vT)lO.’ 

2% = h (1.1811-4.6670 cos vz - 1.5776 cos 2vt - 0.5912 cos 3VT - 0.0264 cos 4 VT)lO-’ 

y = -h (1.6253 + 0.9811 cosvt + 0.4685 cos 2vt + 0.3012 cos 3vt + 0.0184 cos 4VT) 10-l 

y, = h (-0.9572 sinvr + 0.4482 sin ~VT j- 2.3858 sin 3VT $0.0764 sin 4v~)lO-% 

yz” = ha (0.6549 + 3.8038 cos VT -j- 2.2812 cos 2vT + 1.4602 cos 3vt + 0.4868 cos 4vt -L 

+ 0.1492 cos 5VT + 0.0252 cos 6VT + 0.0037 COS 7VT + 0.0001 ~0s 8vT)10-’ 

3.026574K = r2, 1.0099 + 2mn <VT < 5.2733 j- 2mn (m = 0, *I, &2, . ..) 

The authors are grateful to P.V. Kharlamov for formulating the problem and for his inte_ 
rest in the present paper. 
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